In this paper we introduce an Euclidean decomposition of elements a n of an increasing sequence of natural numbers (a n ) n∈N * into weight × level + jump which we use to classify the numbers a n either by weight or by level. We then show that this decomposition can be seen as a generalization of the sieve of Eratosthenes (which is the particular case of the whole sequence of natural numbers). We apply this decomposition to prime numbers in order to obtain a new classification of primes, we analyze a few properties of this classification and we make a series of conjectures based on numerical data. Finally we show how composite numbers and 2−almost primes behave under the decomposition.
1 Decomposition algorithm of numbers into weight × level + jump and application to a classification scheme
We introduce an algorithm whose input is an increasing sequence of positive integers (a n ) n∈N * and whose output is a sequence of unique triplets of positive integers (k n , L n , d n ) n∈N * .
We define the jump (first difference, gap) of a n by d n := a n+1 − a n .
Then let l n be defined by l n := a n − d n if a n − d n > d n ; 0 otherwise.
The weight of a n is defined to be k n := min{k ∈ N * s.t. k > d n , k|l n } if l n = 0; 0 otherwise.
Finally we define the level of a n by L n := ln kn if k n = 0; 0 otherwise.
We then have a decomposition of a n into weight × level + jump: a n = l n +d n = k n ×L n +d n when l n = 0.
In the Euclidean division of a n by its weight k n , the quotient is the level L n , and the remainder is the jump d n . Lemma 1.1. A necessary and sufficient condition for the decomposition of a number a n belonging to an increasing sequence of positive integers (a n ) n∈N * into weight × level + jump to hold is that a n+1 < 3 2 a n .
. Proof. The decomposition is possible if l n = 0, that is if a n −d n > d n , which can be rewritten as a n+1 < 3 2 a n .
In order to use this algorithm to classify the numbers a n we introduce the following rule (whose meaning will become clearer in the next section): if for a n we have k n = L n = l n = 0 then a n is not classified; if for a n we have k n > L n then a n is classified by level, if not then a n is classified by weight.
2 Application of the algorithm to the sequence of natural numbers
In this situation we have a n = n et d n = 1. The decomposition is impossible for n = 1 and n = 2 (l 1 = l 2 = 0). Apart from those two cases, we have the decomposition of n into weight × level + jump: n = k n × L n + 1 when n > 2 and we also have the following relations
The weight of n is the smallest prime factor of n − 1 and the level of n is the largest proper divisor of n − 1 . We can characterize the fact that a number l n = n − 1 is prime by the fact that n is classified by level (or equivalently here by the fact that n is of level 1).
Since there is an infinity of prime numbers, there is an infinity of natural numbers of level 1. Similarly there is an infinity of natural numbers with a weight equal to k with k prime. The algorithm allows to separate prime numbers (l n or weights of natural numbers classified by level) from composite numbers (l n of natural numbers classified by weight), and is then indeed a reformulation of the sieve of Eratosthenes. Apply this algorithm to any other increasing sequence of positive integers, for example to the sequence of prime numbers itself, can be seen as an generalization of that sieve. 
Application of the algorithm to the sequence of primes
We can wonder what happens if we try to apply the decomposition to the sequence of primes itself: for any n ∈ N * we have a n = p n and d n = g n (the prime gap). The algorithm of section 1 can then be rewritten with these new notations as follows.
The jump (first difference, gap) of p n is
Let l n be defined by
The weight of p n is then
In the Euclidean division of p n by its weight k n , the quotient is the level L n , and the remainder is the jump g n .
So we have the decomposition of p n into weight × level + jump reads p n = k n × L n + g n when l n = 0. So one should investigate for which n we have l n = 0, which is provided by the following result.
Theorem 3.1. This decomposition is always possible except for p 1 = 2, p 2 = 3 and p 4 = 7 (i.e., p n+1 ≥ 3 2 p n holds only for n = 1, n = 2 and n = 4). p n , that is p n − g n > g n ( * ) by lemma 1.1. Let us now apply results of Pierre Dusart on the prime counting function π to show that this is always true except for n = 1, n = 2 and n = 4.
Indeed this last equation ( * ) can be rewritten in terms of π as π(
, there is always a number strictly included between x and 3 2
x for any x ∈ R + ). But Dusart has shown [1, 2] that on the one hand for x ≥ 599 we have
and on the other hand for x > 1 we have
1 + 1 log 900 − 600 log 600 1 + 1.2762 log 600 and since the right hand side of this inequality is approximately equal to 39.2 we indeed have that π( x) − π(x) > 1, so the inequality ( * ) holds for any prime greater than 600. We check numerically that it also holds in the remaining cases when x < 600, except for the aforementioned exceptions n = 1, n = 2 and n = 4 which ends the proof.
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Classification of prime numbers
We introduce the following classification principle: -if for p n we have k n = L n = l n = 0 then p n is not classified; -if for p n we have k n > L n then p n is classified by level, if not p n is classified by weight; -furthermore if for p n we have that l n is equal to some prime p n−i then p n is of level (1; i).
For n ≤ 5.10 7 , 17, 11% of the primes p n are classified by level and 82, 89% are classified by weight.
We have the following direct results: If p n is classified by weight then
If p n is classified by level then
Pimes p n for which g n > (l n ) are : 2, 3, 5, 7, 13, 19, 23, 31, 113 for n ≤ 5.10 7 . Table 4 : Distribution of primes for the 11 smallest levels (with n ≤ 5.10 7 ).
Primes of level (1; 1) are the so-called "balanced primes" (A006562). If p n is of level (1; 1) then L n = 1 and l n = k n = p n−1 , 
Conjectures on primes
From our numerical data on the decomposition of primes p n until n = 5.10 7 we make the following conjectures.
Since we have shown previously that the smallest number of each twin prime pair (except 3) has a weight equal to 3, the well-known conjecture on the existence of an infinity of twin primes can be rewritten as Conjecture 1. The number of primes with a weight equal to 3 is infinite.
To extend this conjecture, and by analogy with the decomposition of natural numbers for which we know that for any prime k there exist an infinity of natural numbers with a weight equal to k and that there exist an infinity of natural numbers of level 1, we make this two conjectures Conjecture 2. The number of primes with a weight equal to k is infinite for any k ≥ 3 which is not a multiple of 2.
Conjecture 3. The number of primes of level L is infinite for any L ≥ 1 which is not a multiple of 2. Now, based on our numerical data and again by analogy with the decomposition of natural numbers for which we know that the natural numbers which are classified by level have a l n or a weight which is always prime we conjecture Conjecture 4. Except for p 6 = 13, p 11 = 31, p 30 = 113, p 32 = 131 et p 154 = 887, primes which are classified by level have a weight which is itself a prime.
The conjecture on the existence of an infinity of balanced primes can be rewritten as Conjecture 5. The number of primes of level (1; 1) is infinite.
That we can easily generalize by
Conjecture 6. The number of primes of level (1; i) is infinite for any i ≥ 1.
We make the following conjectures, for which we have no rigorous arguments yet Conjecture 7. If the jump g n is not a multiple of 6 then l n is a multiple of 3.
Conjecture 8. If l n is not a multiple of 3 then jump the g n is a multiple of 6.
According to the numerical data and knowing that the primes are rarefying among the natural numbers, we make the following conjecture:
Conjecture 9. The primes classified by level are rarefying among the prime numbers.
6 Decomposition of composite numbers and of 2−almost primes.
In this section we only provide the plots of the distribution of composite numbers and of 2−almost primes in log(k n ) vs. log(L n ) coordinates. The sequence of weights of 2−almost primes is A130533.
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